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The theoretical-plate concept in chromatography has been treated on the basis of con-
tinuous flow of eluent through the plates of the column. A treatment more' precise in
principle than the previous treatments is presented. General elution and deposition equa-
tions have been derived and applied to special cases of practical interest. The derived
formulas have the advantage of precision, generality, and simplicity.

The theory was found adaptable to the treatment of gradient elution and also to the
calculation of the fraction of solute which has been eluted or still-adsorbed on the column

during the elution process.

A method for the determination of the number of theoretical plates in a chromatographic

column is also described.

The similarity between the chromato-
graphic and the distillation and extrac-
tion fractioning columns has been realized
for a long time, but it was only recently
that theories of chromatography based
on the concepts which had been developed
for distillation were worked out in detail.

The first detailed theory of chromatog-
raphy using the concepts developed for
distillation was offered by Martin and
Synge in 1941 (5). They were able to give a
picture of the concentration of solute at
any time and place in the column. Their
treatment was based on a continuous-flow
model of the mobile phase through the
plates.

In 1947 Mayer and Tompkins (6) applied
a plate theory to the determination of the
composition of the eluate and to the pre-
diction of the distribution of the various
substances on the column. Their theory was
based on a discontinuous model where a
finite eluent volume is equilibrated step by
step with one theoretical plate in the column
after another. They were able to derive an
expression for the concentration distribu-
tion which they approximated to an error
distribution for a large number of theoretical
plates.

Martin and Synge, as well as Mayer and
Tompkins, treated only the case where all
the solute was deposited on the top plate
of the column at the beginningof the elution
process.

In 1955, Glueckauf (4) pointed out that
the Mayer and Tompkins discontinuous
model does not represent the physical
picture of the process and would lead to
large errors even if the number of theo-
retical plates were as high as 1,000. He
derived a partial-differential equation based
on & continuous-flow model and solved the
e quation to obtain an error distribution of
solute on the column, but he had to assume
a large number of theoretical plates. Tle
developed equations both for the deposition
process and for the elution of a zone which
was evenly distributed over a finite number
of theoretical plates.

This present theory relics on the same
two basic assumptions as did the previous
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authors, namely, that solutes adsorbed
on the column have linear-adsorption
isotherms and that the chromatographic
column is equivalent to a certain number
of theoretical plates. It is based on a
continuous-flow model of eluent through
the plates, just as are the theories of
Martin and Synge and of Glueckauf.
Throughout the development of this
theory no assumptions were made as to
the number of theoretical plates or as to
the relative width of the zone compared
with the length of the column. The
results obtained which gave the concen-
tration distribution of the solute on the
column and in the eluate are in the forms
of Poisson summation distributions, the
values of which are tabulated in many
references (7). Charts arc also available
for these distributions (2). This makes

the computations very simple as well as .

exact and the accuracy does not depend
upon the relative distance from the
peak of the zone; the approximations
involved in the previous treatments,
on the other hand, have made the results
less applicable at regions far from the
peak of the zone.

When a solute is deposited from a sol-
vent at the top of a column consisting of
a finite number of theoretical plates, it is
evident that according to the two basic
assumptions of this theory, the solute
will not be totally deposited on the top
plate only. It is also clear that the con-
centration of the solute on the plates will
decrease from the top plate downward
according to a certain distribution;
therefore the assumption that the zone is
deposited only on the top plate as well as
that it is deposited evenly on a finite
number of plates cannot accurately
represent the actual distribution at the
start of the elution process although the
second assumption is a better approxi-
mation than the first. These two assump-
tions were the only cases dealt with by
the previous authors. The present treat-
ment, besides being a means by which
these two cases can be handled, can also
be used cffectively for the actual case.
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One of the advantages of this theory
i3 the simplicity with which the process
of gradient clution can be treated quan-
titatively. Gradient elution is relatively
a new technique which was developed by
Alm, Williams, and Tiselius () in an
effort to overcome the tailing of elution
bands. An attempt to apply the Mayer
and Tompkins equations to gradient
elution was made by Freiling (3), who
obtained relations which would determine
the efficiency of the separation of bands.
These relations, besides being not simple,
were also approximate—owing, mainly,
to the fact that the author found it neces-
sary during the derivations to use the
Mayer and Tompkins cquations at the
beginning and at the end of a run where
they are least applicable. It is hoped
that the present treatment will be capable
of predicting, without elaborate calcu-
lations, whether it is advantageous to use
gradient elution for a certain separation.

DEVELOPMENT OF THE THEORY

In the development of this theory the
following assumptions were made.

1. The chromatographic column is
equivalent to a plate column consisting
of N theoretical plates. Each plate con-
tains S/N g. adsorbent where S is the
total weight of adsorbent and N is the
total number of theoretical plates. The
distance between every two successive
plates = »,/NA where v, is the free
volume and A is the cross-sectional area
of the column.

2. The eluent passes continuously and
without mixing through these plates.

3. The adsorption isotherms are linear,

Derivation of the General Equation
for the Elution Process

At the beginning of the process the
concentration of solute on Plates 1, 2, 3,
4, +++ , mn, -+ , N is assumed to be
YO, 2% Y% ¥aS et Ut o, Yn© respec-
tively, and at.any time during the elution
the concentrations are ¥y, ¥, 45 *** , Yn,

-+, yy as shown in the following figure.

As the cluent crosses plate 1, the solute
will pass gradually from the plate to the
eluent so that at all tines the ratio of
weight of solute per gram of eluent to
weight per gram of adsorbent is a con.
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stant k. If the weight of eluent that has when
crossed any plate at any time is denoted ) o
by w, then a differential material balance Z = 0, =0+c¢ - C =Y
around plate 1 gives s = ek + )

S
ky, dw = Y dy,
LAy kN
T S dw

weight of eluent which
has crossed the plate

WN/Sw==z= weight of adsorbent on
one plate
A
“Iny = —kx +c

where ¢ is a constant

Whenz =0,y = y°
“Iny°=0+¢

* In y—‘n = —kz
U
Y= p'e ™

Before entering plate 2, the eluent will
have acquired a solute concentration
which is a function of z resulting in

g = ky, = k?/loe *

A differential material balance around
plate 2 gives

..% dy2

Rearranging and substituting dz for
(N/8) dw gives

(ky, — ky%e ™) dw =

B by, =yt

This is a linear first-order differential
equation in the form

dy _
2 TPV =20
where P and @ are functions of z only.

kz<f kyloe—kzek.: d:l: + c)

e (kyx + ¢

LY =€

Il
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s = ke_kz(ylokx + ?/20)

- Similarly, a differential material balance

around plate 3 gives

d%

+ kys = ke *ky."2 + 3.0

which is a first-order linear differential
equation, the solution of which is

ya — e—kx<yl

In plate 4 it is found that

—kz 0 (kx)3
[y‘ 2%3

+ v.%kz + ys >

(kay

+y20 D)

Ys = €

+ vk + y4°:|

0 (kl)n ! 0 (kx)"_z
[y‘ m—DI T ¥ o

By using the symbol u to denote kz, one
gets

_ u 0 un—l 0 uu—2
Y =€ [y m—D1 T Y =
+ M + yno]
=¢" Z: y,° ey (1)

Equation (1) expresses the solute con-
centration at any plate in the column
after an amount of eluent = z units
(both z and u are dimensionless weight
ratios) has passed through the plate. It
is a general equation which can be applied
to any initial distribution of solute in
the column.

SpeciaL CAsEs

1. Only One Plate Loaded with Solute
at the Beginning of Elution. This is the
case which was treated by Martin and
Synge and also by Mayer and Tompkins.

A.I.Ch.E. Journal

When Equation (1) is.applied,

1
; U 5 @
one finds that it reduces to the first term
only, as y2%, ¥, -+ ; y." all are equal to
zero. Therefore,

n—r

N N
Y= U g !

n—1
:(/n ~u " — “
AR TR
which is a Poisson distribution function.
Equation (2) is comparable to the equa-
tion derived by Martin and Synge.
Mayer and Tompkins arrived at a solu-
tion in the form of a binomial distribution,
owing to the fact that they did not use
the concept of continuity of the volume
elements in their approach. Nevertheless,
both solutions approach the normal dis-
tribution as n and u» become larger and
larger.

After approximating their binomial
distribution with a normal distribution
for large values of n, Mayer and Tomp-
kins proved that, for a large n the peak
of the concentration arrives after the
passage of u units of eluent such that
U= n.

Fquation (2) can be differentiated with
respect to u (at constant n) to find the
values of « at which y,/y,° is maximum.

d (e_u w! >
du (n — !

The first derivative is equal to zero at
the following points:

(2)

= €

u=n—1; uw = 0; U= o

The curve has a maximumatu = n — 1
and therefore it must have two minima
atu = 0and u = =,

The maximum concentration of the
zone reaches the bottom of the column
after » units of eluent equal to N — 1
have crosses the bottom plate.

. un _ [ Yn
) R‘V N <ylo>ma:
e—(.\'—l)([v - ])N—l
=TT woiy @

If N is very large, Stirling’s approxima-
tion can be applied, i.e.,

N - 1!
TN — ) A2V = 1)
) wm 1
IRV

1
vV 2rN
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2. Solute Uniformly - Distributed over
the Entire Length of the Column al the
Beginning of Elution. In this case y,° is
constant and equal to y° and Equation
(1) becomes

Yn =
r=1 B
n—1 _r
— 0,—u Y -
=y’ rgo ]
_ 0 —u = ,L_t_ — 0 —u - _:
- ye r=0 T! ¢ r=n T'
_ yOPou - yOP”u
.._z_’g:R":Pou_Pnu
=1-Pp (3)

P denotes a Poisson exponential summa-
tion distribution, P = 1 for any value
of u.

3. Solute Uniformly Distributed in a
Zone at the Top of the Column Equivalent
to M Theoretical Plates. The only differ-
ence between this case and case 2 is in
the limits of », which will be from 1 to
M instead of n,

M n—-r
=¥ _ Y
Bem = 2 m o
= Pun—M - P"“ (6)

Equation (6) expresses R, as a function
of both n and u. For a constant value of
u the equation represents the soclute-
concentration distribution along the
column after the passage of an amount
of eluent equivalent to  units through the
plates. If n is the constant, then the
equation represents the change in the
solute concentration on plate n as u
changes and when 7 is equal to N the
elution equation results,

Ry = P'y_y — Py* (63)
where
Yy _ kyy _ Ox
Ry="%5==-5=%
N yO kyO yO

Equation (6) is plotted in Figure 1 as a
function of n/N. Both N and u/N are
parameters (concentration-distribution
curves). The following values were chosen:

N u/N

10
20
50
100
200
1,000

, 0.3, 0.7

, 0.3, 0.7

b e

Derivation of the Deposition Equation When the
Solute Concentration at the Beginning
is Zero at Any. Point in the Column

In order to derive the equation which
represents the concentration distribution
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Fig. 1. Plot of Equation (6), R, = P%_, ~ P> for M = 0.1N (con~
centration distribution curves).

of a solute deposited at the top of a
column when the solute concentration
in the solvent before it enters the column
is 4, one follows the same procedure as
was followed in deriving the general
elution equation.

A differential material balance around
plate 1 gives

@ = ) dw = 3 dy,
(o — kyy) de = dy,
o = kyo

yo is equal to the concentration on the
adsorbent when it is in equilibrium with
the eluent at a concentration 7,

(kyo - kyl) dx = dyl
dy,

Yo — Yo

In(yo — y) = —kx +c

Substituting the boundary condition
#1 = 0 when z = 0 and solving for y;,
one finds

=k dz

¥ = Yoll — e_’w)
§r = kyo(t — ™)
A material balance around plate 2 gives
_ S
(7 — yz) dw = “N‘" dy.
k- d
kyo(1 — €™) — ky, = dgf

which is a first-order linear differential
equation. By solving and substituting
the boundary condition y. 0 when
2 = 0 it can be shown that

Yo = Yoll — e (1 + kx)]

continuing up to plate n

P LT (R

%’%)J
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%: =R, =1- (e_“ —I—e_"u—l—e"‘g—'
=1
B (_nl—-W)
=1~ (P~ P
=P @

Equation (7) determines the actual dis-
tribution of a zone deposited at the top
of the column and should have applica-
tions in the frontal analysis technique.

Physical Significance of u

4 is a dimensionless parameter which
will be called solution parameter, and n
is the column parameter.

An amount of solvent equivalent to %
units and containing the solute at a
concentration 7, contains an amount of
solute which will fill u plates at: \& concen-
tration y,.

If u, units of solvent are passed through
a column which contains an infinite
number of plates, all the solute will be
deposited on the column and

©
n=1

Yn = UoYo
= 7;R" —_ Zl Pnuo (8)

This result can be confirmed by expanding
and rearranging the sum

©

Z P”uo %
n=1
During the elution of a zone, the ratio
/N is a measure of the distance traveled
by the zone down the column. It is
almost exactly equal to the fraction of
column traveled by the peak of the zone
regardless of the value of N.
A zone deposited at the top of the
column from an amount of solvent equiv-

*Derivations of most important ensuing equations
are given in tabular material deposited as document
5048 with the American Documentation Institute,
Photoduplication Service, Library of Con
‘Washington 25, D. C., and may be obtained for
$2.50 for photoprmts or $1.75 for 35-mm. microfilm.
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alent to u, units is actually distributed
over the entire length of the column
according to Equation (7); yet if the
thickness of such a zone is defined as the
distance from the top of the column to a
point where R,° is equal to a certain
small fraction e, then the relative thick-
ness of the zone, i.e., the ratio between
its thickness and the length of the column,
will always be greater than the ratio
u/N and will approach this wvalue
asymptotically as the number of theo-
retical plates becomes larger and larger.

Similarly, complete elution of a zone
which has been deposited at the top of a
column requires an infinite amount of

eluent, theoretically. For practical pur--

" poses, it would be desirable to define
complete elution as being elution of the
zone until a certain small fraction € is
still adsorbed on the column. Onee com-
plete elution has been defined in this
fashion, then the ratio w/N for the
complete elution of a zone deposited at
the top of the column will be always
greater than 1 and will approach the
value 1 asymptotically as the number of
theoretical plates gets larger and larger,
and for an infinite number of plates, u/N
is equal to 1 for complete elution.

Elution of a Zone Having on Initial

C tion-di Ratio R} = P,*°
The intensity distribution of the zone

after the passage of u units of eluent can

be found by applying Equation (1).

e
T

n n—r
—u ) u
=¢ ;y"(n——r)!

Dividing both sides by y, gives

] R n 0 un—r
R, =e¢ ;R, o
Since
RTO — Pruo
—u Uo u"_r
Ro= o 3P

After expanding and rearranging, one
can show that

R, = P — P,* 9)

Gradient Elution & = f(x)

In order to derive the general elution
equation corresponding to Equation (1),
the same procedure is followed as in
deriving that equation except that & will
be replaced by f(x).

It can be proved that

_Wz) Zyro (ll/x)"r;' (10)

where
Voo = [ 1@ da
It can also be shown that & does not have

to be a continuous function of z. If it is
assumed that
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Fig. 2. Plot of Equation (22), Ryun = Puntita),, — P um

(This plot is used for the determination of the number of

k= fi@) for 0<z<ux

= fo(x) for z, <z< 7

= fal@) for @1, <2 <1y

= fl(x) for o <2 < xp
then

£z o~ (urtusz) Q (ul + uz)n_l
Yoo =0 [yl = 1
g n—2

+y2°%+ —I-y,,":l 11)

and generally

n—r

= ”"Zyr =

where y,*1 represents y, after the passage
of eluent equivalent to

o 2 A

(11a)

+ x;

and

U=1U + U + -
_ fo £1@) do + f Fala) dz

+ uy

ot [T e da

Fr—a

Calculation of the Fraction of Solute Eluted
after the Passage of U Units of Eluent

If it is assumed that the solute was
deposited at the top of the column by ue
units of solvent, the distribution before
the eluent is introduced would be

R,,O = Y _ P
Yo -
and
N N
;R = ,;P,.“" = uo — uof, (12)
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theoretical plates.)

N is the total number of plates in the
column and f, = fraction of solute that
left the column with the solvent.

If N is large enough compared with
u, then f, becomes negligibly small and

N N
Z Rno — Z Pnuo
n=1 n=1

(13) -

I

@
Z-Pnuo =u0

n=1

If N is not large enough, f, évill have an
appreciable value and if the fraction that
remains on the column is denoted by
fa, then

Jet fa=1
N N
Z P uo E P”uo
fa n=1 _ =n=1
© Uo
P
and
Z P"uo Z Pnuo
fz — n=N+1 — n=N+1
w Ug
P>
Z

1t can be shown by expanding and re-
arranging that 3%,.1 P, is equal to

u()(]. —_ Nuo) + NP““N.H (14)
N

S =2

- uo(l — Py*) + NP*y.,

Uo
o N Uo
=1—PN +?7P N+1 (15)
0
and
o N Uo
fc=1_fa=PN _—’LTP N+1 (16)
0

December, 1956



If the zone is eluted, then after the
passage of « units of eluent the new dis-
tribution of the zone will be according to
the equation

if a is sufficiently small; i.e., for a very
thin zone In (1 4 a) = «

and

. Uy =N — 1N (21
R, =P, - P, for a large N
~
Z (P"uo+u _ Pn")
f = no=1
a Up
_ o + w1 = Py*") + NP*""y,, — u(l ~ Py*) — NP,
Up
u v+uo N vo + 4 e
=1 + E(Ph — PN ) + — (P N+l — P N+l) (17)
Uy * Ug

fe=1-1,

’ulO(PNurug — P‘vu)

.’V u ug+u
+ u—o (P N+1 T P N+I) (18)

Determination of the Number of Plates
in a Chromatographic Column

If a zone is introduced at the top of the
column, it will have the distribution
R." = P,. If it is eluted with u units
of eluent, then the distribution during
the elution will be according to the
equation

Rn — P"uo+u - P,.u

and at the bottom of the column where
n=N,

R.-v = P,v“ow - P,vu

To find the value of u when the peak
of the zone reaches the bottom of the
column (plate N), one differentiates Ry
with respect to w and equates to zero.

d Uo tu “w
o [P = Py

By expanding Py* and differentiating
term by term one can prove that

d R

d
@ (RN) =

Similarly,
d ot e—(uodu)(uo + u)‘\'—l
e ST

For maximumtintensity at N,
d

- N - —Um ¥y-1
ety + )T e e,

(N — 1! o~ =1

Sy =N —1In (1 + 5—0)
If the ratio uo/u,, is denoted by «, then

wy = (N = 1) %f—“) (20)
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Equation (20) together with the equation
RNum _ PNuo um — P,vum
= Pyt — Py (22)

can be used for determining the total
number of theoretical plates in a column.

Both a and Rs“" can be measured
cxperimentally, and thus there are two
equations in two unknowns, which can
be solved to find the values of u,, and N.

A graph can be prepared where Ry*~
is plotted vs. N with a as a parameter.
Such & chart can be used in the deter-
mination of the number of plates. It is
necessary to know only « and Ry*"; then
the value N is read directly from the
chart (Figure 2).

ACKNOWLEDGMENT

The author would like to express his
gratitude to Professor H. P. Meissner of
the Chemical Kngineering Department of
the Massachusetts Institute of Technology
for his guidance and valuable advice
throughout his work on chromatography
and also to thank Professor Henry C.
Thomas of the Chemistry Department of
Yale University and Professor C. Z. Garber
of the Orthopedic Pathology Department
of Columbia University for their encourage-
ment and helpful suggestions.

NOTATION

A = cross-sectional area of column

fo = fraction of solute still adsorbed
on column

fo = fraction of solute that has left the
column with eluent

f(z) = adsorption or exchange coefficient
when it is a function of z only
and not of y, (gradient clution),
) = Ga/yn

I = number of different continuous
relations f(z) during a run

k= adsorption or exchange coeffi-
cient when it is neither a function
of x nor a function of y,. k =
Gu/Yn

M = number of plates occupied by a
uniform zone at the beginning of
elution

N = total number of plates in column
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n = plate number from top of col-
umn. The top plate numbern = 1
and the bottom plate number
n=N.

P = 39"
= Poisson exponential summation

n = Yn/Yo OF Yu/Y°

R”e = yn°/y0

Ry*» = maximum value of Ry

8 = total weight of adsorbent in the
column

I

u = El ¥i(@)
during the elution process

u, = value of u when the peak of the
zone has reached plate N

I

U = Zl vi(x)
during the deposition of the
solute from the solvent at the
top of the column

vy = free volume of column = volume
occupied by eluent or solvent

w = weight of cluent or solvent that
has passed through any plate in
the column

z = wN/S

¥, = concentration of solute on plate
n, g. solute/g. adsorbent, for the
elution process

#. = concentration of solute in eluent
in equilibrium with plate » during
elution

¥, = concentration of solute on plate
n for the deposition process

¥* = initial concentration of solutec on
adsorbent when it is constant on
all the plates or on a finite num-
ber of plates in the column

Yo = §o/f(x) = concentration of solute
on adsorbent if in equilibrium
with solvent containing the solute
at a concentration §,

Jo = concentration of solute in solvent
before entering plate 1

a = U Up

vy =h((+ a)a

¢ = a very small fraction

¢ = e»(ur/nl) = Poisson exponential
function

¥i(x) = [ f:(z) dr. When f(x) = k, then
¥(z) = ke
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